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Abstract—The elastic fields due to a spheroidal inclusion, which undergoes constant shear eigen-
strains and a spheroidal inhomogeneity under uniform shear stress applied at infinity are inves-
tigated. The interface between the material and the spheroid allows free sliding (cannot sustain
shear tractions). The Papkovich-Neuber displacement potentials in the form of infinite series are
used in the analysis. The dependence of stresses and displacements on the shear moduli ratio,
Poisson’s ratio and the shape of the subdomain is analyzed. It is discovered that stresses in the
sliding spheroidal subdomain are not uniform, unlike the perfectly bonded inclusion solution where
Eshelby’s result holds. The applications to the evaluation of average elastic properties of the
composites with sliding interfaces are also investigated and it is observed that sliding causes
relaxation of the elastic moduli.

INTRODUCTION

Eshelby[1] discovered that when an ellipsoidal inclusion undergoes a transformation strain
or an ellipsoidal inhomogeneity disturbs a field of applied stresses, the stresses are uniform
inside the ellipsoidal domain. A similar result has been obtained by Edwards[2] for the
spheroidal subdomain. In both cases, the perfect bond was assumed at the interface, which
implies continuity of tractions and displacements.

This paper investigates the other important model which allows free sliding on the
ellipsoidal interface. It assumes the continuity of tractions and normal displacements and
also the vanishing shear tractions along the interface S, i.e.

[o;li=0 onS M
[uji=0 onS @)

and
Oyty—umnen; =0 on S 3)

where [ ] = (out)—(in) and n,is the normal vector on S. Physically, this model may represent
grain boundary sliding in polycrystals, behavior of precipitates at high temperatures or
imperfectly bonded interfaces in composite materials.

The spheroidal inhomogeneity or inclusion considered in this paper is embedded in an
elastic material and is subjected to a constant pure shear loading at infinity or undergoes a
constant shear eigenstrain (transformation strain, thermal expansion, initial or plastic
strain, etc.). This analysis supplements the three-dimensional sliding inclusion solutions
obtained by Ghahremani[3], Mura and Furuhashi[4], Wong and Barnett[5] and Mura ez
al.[6].

Mura and Furuhashi[4] solved a similar problem when the ellipsoidal inclusion is
subjected to constant shear eigenstrains and discovered the surprising result that the stress
field vanishes everywhere. Their solution, however, is restricted to the ellipsoidal shape such
that a; # a;, where g; are the semi-axes of the ellipsoid.

This paper investigates the case when the inclusion is of prolate or oblate spheroidal
shape (ranging from a cylinder or needle to a disk) such that a, = a, # a,. For this geometry,
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the stress field is not zero anymore, and due to sliding it is not uniform as in Eshelby’s
inclusion. The solution presented here is expressed in terms of Papkovich-Neuber dis-
placement potentials in the form of infinite series. The method of solution is similar to the
one of the axisymmetric problem[6] and will be discussed on the example of prolate
spheroidal shape. The solution for the oblate spheroidal inclusion is obtained in an anal-
ogous way by using the oblate spheroidal coordinate system.

METHOD OF SOLUTION

Consider an infinite, elastic, homogeneous and isotropic material having a prolate
spheroidal subdomain as shown in Fig. 1. The problem is to determine the stress and
displacement field when the inhomogeneity is under shear loading at infinity or when the
inclusion undergoes a constant shear eigenstrain. Sliding is allowed at the interface and
shear tractions are specified to vanish but no debonding takes place.

Let the origin of coordinates 0™ be at the center of the spheroid and the coordinate
axes be coincident with the spheroid’s axes of symmetry. The z-axis is chosen to be in the
major axis direction. The prolate spheroidal coordinate system (a, f, y) is related to
Cartesian coordinates (x, y, z) by the transformation equations

x =c sinh a sin fcosy
y = csinh a sin § sin y “
z=ccosh a cos 8
where ¢ 1s a positive constant (half-distance between foci) and
0ga< oo, 0 p<m, 0<y<2n %)
The surfaces « =const, f = const and y = const form an orthogonal family of prolate
spheroids, hyperboloids of two sheets and half planes passing through the z-axis.

The surface of the ellipsoid is defined by a = a, and the minor and major semi-axes
are a = ¢ sinh a, and b = ¢ cosh «, The differential arc length ds is in the form

(ds)* = (da/h,)* +(dB/h2)* +(dy/hy)* (6)

where metric coefficients 4; are

a=const.
o4 B=const.
—~— g G e
N ;
A // — \
2. P,
- —8—k Gl = .
¢ 1
i
——— — o) 8 1
N ’ ¥
\ /
Y /
— C Ja——" \\ ,/
20 ' &
— p———
Gy 'x/ 7 =const.

Fig. 1. Spheroidal coordinate system.
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hy = hy = l{[c(cosh? a—cos? p)], hy = 1/(c sinh « sin f). )
For convenience we introduce new variables

¢ = cosh a, g=sinh a 8
p=cos B, p=sinf

such that ] £ g < o0 and —1 € p < 1 (from eqgn (5)).

The Papkovich-Neuber potentials ¢, and ¢ are used in the analysis. The general
solution of the Navier elastostatic equation in the absence of body forces can be expressed
in terms of four scalar harmonic functions : ¢, and three Cartesian components ¢,, ¢, and
@5 of ¢ such that

2G[uy, uy, u;) = grad ($po+x¢1 +yd2+243)—4(1-9)[d,, ¢2, 3] (€))

where G and v are the shear modulus and Poisson’s ratio, respectively. When the equation
refers to the inhomogeneity, G and v are taken as G and v.

The displacements expressed by eqn (9) are transformed to the prolate coordinate
system and are related to strains as shown by Love[7].

The sliding boundary conditions (1)—(3) at the interface & = a, are

(ua)a-=ao = (ﬂu)a-ao, (aa)asuo = (a-a)a-ao
(Tuﬁ)a=uo =0, (fuﬂ)u-ao =0 (10
(Tay)anao =0, (fay)a-uo =0.

The quantities referring to inclusion are denoted by a bar.
The stress state at infinity when shear loading is applied is

(ax)r—-co = _(Gy)r—om =PDo (1])

(0'_., Txzs Tyz)r-ooo = 0.

When the inclusion is under eigenstrain loading, the stresses vanish at infinity.
The eigenstrains are ef = —¢) # 0. The displacements inside the inclusion are the sum
of free deformation

af =¢lx, uy = —g¥y (12)

and the displacements obtained from eqn (9).

After transforming stresses and displacements obtained from eqn (9) into the prolate
spheroidal coordinate system, stress and displacement fields are determined by choosing
the proper harmonic potential functions ¢, ¢;, @, @3-

The general form of potentials in the prolate coordinate system as stated by Hobson([8)
is:

for the space interior to a prescribed spheroid o = &, (inclusion)

Pr@PIP) o my; (13

SAS 23:10-C
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and for the space exterior to o, (matrix)
cos
0T @PIP) . (14)

The suitable displacement potentials for the discussed boundary value problem are
chosen as follows

for the matrix region (x > ag)

M ¢o=Co fz 4,02(g)P2(p) cos 2y

¢, =Cy Z] BnQr:(q)Prt(p) cos y
(11] © (15)
o2=—C Z} B,Q,(g)P.(p) sin y

QI és=Co Y C.O2@)PP) cos 2;

n=2

and for the inclusion region (x < ay)

VI do=Co Y A,PX@PX(p)cos 2y
n=2

¢, =Cq Zl B,P)(q)P,(p) cos y
(vl © (16)
¢, =—-Cq Z] B,P,(q)P,(p) sin y

n=

VI =G i C, PX(@)PX(p) cos 2y

where

Po for loading at infinity
Co =

2Ge¥  for eigenstrain case.

P7(p) and Qy(q) (m = 1, 2) are associated Legendre’s functions of the first and second
kind of order m = 1 or 2 and

m

d
Pr(x) = Ix? = 1" —— P, (x)
dx™ an

07(x) = (= 1" £ 0,(9)

where

dn

P =i aw

(*=1y

0.9 = 5 Po(x) log 10 — W,,(3)



The sliding inclusion under shear 1377

W @) = 3 2Bt (P 0.

re=1

The stresses and displacements obtained from potentials in eqn (15) vanish at infinity.

The undisturbed stress and displacement fields (before the introduction of inhomo-
geneity) due to the shear loading o) = — o = p, applied at infinity are transformed into
the prolate spheroidal coordinate system. The undisturbed displacement field »? and stresses
02, 19 and ), needed for continuity equations, eqns (10), expressed in terms of associated
Legendre’s functions P2(p) are

26, —, .. {2 P%(p)}
Pocos 2y~ C haap” =hg\c'a—3
Oc a2 a2p2,.222 _ 214 zz[(fj _2,)2 .__2__2:]}
Pyt c*h’q’q’ = ke’ [ | T + 5 | Pip)~ 155 Pilp)
, (18)
Tgﬂ 22 an s 2 4—{_ zili 2 29 p2 }
pocoszy—chqqpp—chqp ‘= P2 (p)+c’ 5 P3(p)

)
Tay

2h ¢ {l 2h { ,9§° }
= — = e | — —qad‘h - — PZ
posin 2y chgp prr [ 799°p P €5 3(p)

where P?(p) is the derivative of P3(p).
Similarly, the free deformation in the inclusion due to the constant shear eigenstrain
&f = —¢g s

2Ga* Pi(p) }

= c2haan? = hé o2
@Get)cos 3y~ 1" =M {c 173 (19)

The stresses and displacements, eqns (18) and (19), due to the applied load are combined
with the stresses and displacements due to the inclusion or inhomogeneity disturbance
derived from potentials (15) and (16). Since the expressions obtained from eqns (15) vanish
at infinity, the boundary conditions at infinity are satisfied.

In order to satisfy the sliding boundary conditions, eqns (10), we substitute these
combined stresses and displacements into eqns (10) and after the use of recursion formulas
for the Legendre functions, we equate coefficients of P2(p) and P¥(p). This way we obtain
an infinite system of algebraic equations for the unknown constants A4, B,, C,, 4,, B, and
C,,. In the numerical calculations the infinite series are truncated at » = N and the truncation
number is chosen so the stresses and displacement in the continuity equations match to
three significant figures. It is found that 4, and 4, (n=3,5,...), B,and B, (n=2,4,..))
and C, and C, (n = 2,4,...) are zero, because the stresses are symmetrical about the x—y
plane.

After evaluating the constants 4,, B,, C,, 4,, B, and C,, we can represent the stress
and displacement fields everywhere in the inclusion and in the matrix.

AVERAGE SHEAR MODULI

The results obtained for an isolated inhomogeneity are used directly for an estima-
tion of the macroscopic elastic properties of the composite. The parameters considered
are the moduli ratio, shape and interface effect (sliding). Since the pure shear loading
o) = —o) = p, is applied, we will estimate the average shear modulus in the x-y plane.

When an isolated sliding inhomogeneity Q in domain D is subjected to an applied
stress of) at infinity, the elastic strain energy is expressed as
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1
wW* =3 J (o +0,)ul;+u,) dV (20)
D

where u is the displacement due to the applied load in the absence of inhomogeneity and
o;; and y; are the stress and displacement disturbances due to the presence of inhomogeneity
and sliding. ¢, satisfies the equations of equilibrium ¢,,; =0 in D and the traction free
condition a1, = 0 on |D|, the boundary of D. The stress-strain relations are

o 8‘ = CijkleI?I inD
oj+0; = Cyu(s+u,)  in D—Q 1)

08‘ +0; = C—ijkl(ul?,l +ups) in Q
where C;;and —C—',-_,k, are the elastic moduli of the matrix and the inhomogeneity, respectively.
The jump in the tangential displacement (slip) is denoted by [#] = u,(out) —u,(in). 6%n, and

o,n; are continuous on the interface of inhomogeneity |Q|. Then eqn (20) is expressed in
terms of integrals in Q or on |Q] as

1 1 1
W* = 3 La?juﬂ, dv— 3 LAC,-,-“(uf_,%-uk‘,)u?J dv+ 3 .[nl ognlu] dS (22)

where AC;; = Ciju— Cijur-
When the inhomogeneities are randomly distributed but f « 1, where [ is the volume
fraction (f = Q/D), the average elastic compliance S, is obtained from eqn (22) as

G'?ja,'oj"‘ é LAC,’jk[(u[?J"’uk,[)u?J dV+ é jﬂl O'i(}nj[u,'] dS = <GU><£lj> = ag(s,,-) = O'ggjuo'i)l
(23)

where the average stress representation {a;;) = o3 is used.
When an isolated sliding inclusion Q in domain D undergoes a constant eigenstrain,
the elastic strain energy is expressed as

1
W* = 5 L o-l'j(ui.j_ﬁ::';) dv (24)
where the elastic strain is related to stress as

0= Cyu(tr,—2l) InQ o5
Gy = Cilyy in D-Q.

Note that

J' o".ju'.J dV = — .[ o,-jn,- [u,] dS = 0. (26)
D o]

We obtain this result by applying Gauss’ theorem, where »; is the outward unit vector
normal to |}, and using the relations g;;; = 0 in D, o;n, = 0 on |D| and the fact that the
product o,;n,[u;] vanishes along the interface. Therefore eqn (24) becomes
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Fig. 2. Variation of 6,, d,, 7, in the inhomogeneity along the interface for sliding (SL) and perfect
bonding (PB) when s = a/b=0.5,v=7= 0.3, = G/G=2and y = 0°.

1
W*= — isgL oy dV. 27
For a random distribution of inclusions, the elastic strain energy per unit volume is
w* 1 f
—_— = ——g*L y
D 5810 La,, dv. (28)
DISCUSSION

The stress state at any point in the material depends on the elastic constants I' = G/G,
v, ¥, the shape parameter s = a/b (axis ratio or aspect ratio) and the position of the point.
I is the ratio of the shear moduli and the limiting value I" = 0 represents cavity and
I' = oo corresponds to ideally rigid inhomogeneity. If s = 1, the subdomain is spherical in
shape, s — co implies disk or penny shape in x-y plane, while s — 0 can be interpreted
as the needle-like shape or the infinite cylinder of radius a with the z-axis being its axis of
symmetry. In the numerical results we take v = v = 0.3 unless the effect of Poisson’s ratio is
investigated. The results for the sliding case denoted by (SL) are compared with the perfect
bonding case (PB).

The essential difference between the solution representation for these two cases is that
the sliding inclusion solution requires infinite series, and, if the same method is used, the
finite series with N = 4 will give the exact solution for the perfect bonding case. For the
sliding case, the infinite system of algebraic equations for A,, B,, C,, 4,, B, and C, is
truncated to N = 8-30, where higher N is needed for s approaching the limiting case of the
cylinder or disk shape. The sphere case s = 1 requires only a finite series representation.

The main difference in the results for sliding and perfect bonding cases is that stresses
are not uniform in the inclusion when sliding takes place, unlike in the perfectly bonded
inclusion as shown in Figs 2 and 3. The distribution of stresses ,, &, and 4, on the interface
of the inhomogeneity is represented in Fig. 2 for SL and PB. The stresses are not uniform
for the sliding case and they are all tensile for y = 0° (Fig. 2), almost zero for y = 45° and
all compressive for y = 90°, while for perfect bonding &, = —§, and &, = 0 everywhere in
the inclusion. Figure 3 shows the variation of o,, g, in the inhomogeneity and in the matrix
along the z-axis for both cases. Note that when sliding takes place, the stresses increase
locally inside the inhomogeneity and in the matrix near the interface. Overall, however,
there is a stress relaxation due to sliding which can be observed from the elastic strain
energy calculations.
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Fig. 3. Variation of ¢,, 0, in the inhomogeneity and in the matrix along the z-axis for SL and PB.
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Fig. 4. Distribution of normal stress g, along the interface for various I for SL and PB.

The comparison of distribution of normal stress g, on the interface along ¢ for various
shear moduli ratios I' is shown in Fig. 4. The values on the graph need to be multiplied by
Do €Os 2y to represent stress at any point on the interface. Angle ¢ is related to § by
tan @ = (a/b) tan f§. It is seen that the magnitude of g, increases with I and is much higher
for the sliding case because of the shear stress relaxation. The effect of shape on the normal
stress is presented in Fig. 5 and o, is highest in the x-y plane (¢ = 90°) and when the sliding
inclusion approaches a disk shape. These higher normal stresses due to the imperfect
bond imply a higher tendency for debonding, void nucleation or crack initiation and
propagation.

The stress concentration ¢, at ¢ = 0° or 180° for I' = 0.1, 0.5, 1, 2, 10 and shape
parameter 0.25 < s < 4.0 is compared with PB in Fig. 6. Observe that the magnitude of
stresses for SL differs significantly from the PB case when I' is large (“*hard” inhomogeneity)
and the effect of shape is more pronounced for s < 1. The highest stress at this point is for
s— 0 and I — 0, which represents void of rod-like shape.
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Fig. 5. Distribution of o, vs ¢ for various shape ratios for SL.
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Fig. 6. o, in the matrix at polar point B as a function of shape ratio and I" for SL and PB.

The behavior of slip quantity 2G [ug] on the interface is shown in Figs 7 and 8. In Fig.
7 the sliding behavior for various I' is shown for the case of shear load at infinity and it is
observed that relative displacement 2G [ug] is higher for the soft inhomogeneity. Figure 8
shows how 2G [u,] changes with different inclusion shapes due to eigenstrains ¢ = —¢
in the inclusion. For the “long” shape most sliding takes place at ends (¢ = 0° or 180°) and
for the “flat” shape around ¢ = 90°.

The stress &; in the inclusion for the eigenstrain case is shown in Figs 9() and (b) for
SL and PB. It is interesting to observe that the curves are opposite in behavior, extremum
values being at ¢ = 90° for the sliding case and at ¢ = 0° or 180° for the perfect bonding
case.

The effect of Poisson’s ratio is shown on the example of o, in the matrix along the
interface in Fig. 10. The interesting difference between sliding and perfect bonding is that
for a perfectly bonded spheroid subjected to shear loading, elastic fields are independent of
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Fig. 7. Distribution of relative tangentia] displacement 2G [u,] along ¢ for various I'.
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Fig. 8. Distribution of “slip” 2G [u] along ¢ for various shape ratios.

Poisson’s ratio v of the inhomogeneity (see Edwards{2]), while the sliding inclusion solution
depends on all parameters. However, the dependence on Poisson’s ratios v and ¥ is small
in comparison with that of I' and s.

The shear solution presented in this paper, combined with the axisymmetric solution{6],
yields to the solution for the uniaxial loading ¢ = p, at infinity or the eigenstrain 2 # 0.

It might be noted that this solution for the special case of the sphere (s = 1) subjected
to uniaxial loading at infinity agrees with Ghahremani’s result[3] and the limit case when
I —» 0 coincides with Sadowsky and Sternberg’s[9] solution for the cavity.

When the composite with sliding inhomogeneities, representing fibers, for example, is
subjected to shear loading at infinity, the ratio of the average shear modulus j of the
composite and the shear modulus G = p of the matrix is shown in Fig. 11 for various I
and volume fraction f for both SL and PB when 5 = 0.5 and v = # = 0.3. Sliding at the
interfaces causes relaxation of the elastic moduli and the relaxation percentage is higher for
large I or “hard” inhomogeneity. The “hardness” of inhomogeneities has a dominant effect
on the macroscopic elastic moduli in comparison with the shape effect. Note that for the
composites with sliding interfaces there is a I" limit at which the average shear modulus



The sliding inclusion under shear 1383

{a) 8'1"'8';'
[ (SL}

s+025
s+ 05
it 5+ 075
s |
s= 133
s 2
5= 4

26 i L i i 1 ]
~0 30 €0 0 126 150 180

Fig. 9(a). Distribution of &, in the inclusion along the interface for various shape ratios for SL.

{b} Ex=-E,

r o= {PB)
v =03
0 —
-0d
-0.2
™
N -o3j
§.. -04 §=025
g s=05
S —osb s+075
= s= 1
[y 52133
-081
s*2
-7
i s=4
-08 A |
o 30 60 90 120 50 180
@

Fig. 9(b). Distribution of &; in the inclusion along ¢ for various shape ratios for PB.

starts decreasing even though the inhomogeneities have still higher shear modulus than the
matrix.

The numerical comparison between the elastic strain energy of sliding and perfectly
bonded inclusions undergoing constant shear eigenstrain for I' = 1.0 and v = v = 0.3 is
shown in Table 1. Note that the elastic energy is much lower for the sliding inclusion, which
implies the stress relaxation due to sliding.

CONCLUSION

The solution of the elastic fields due to a sliding spheroidal inclusion, which undergoes
constant shear eigenstrains and a sliding inhomogeneity under uniform shear stress applied
at infinity is presented.

The Papkovich-Neuber displacement potentials are used in the analysis. The sliding
solution requires infinite series representation, while finite series give the exact solution for
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Fig. 10. The effect of Poisson’s ratio ¥ on o, in the matrix for constant v = 0.3 for SL and PB.
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Fig. 11. Average shear moduli ji vs volume fraction f for various I for SL and PB.

Table 1. Comparison of elastic strain energy for sliding (SL) and
perfectly bonded (PB) inclusion, when I' = 1, v = ¥ = 0.3 and

W = 26W*/[(2Ge?) Q]

s W (PB) W(SL)  Relaxation (%)
0.25 0.3879 0.2801 27.8
0.50 0.4353 0.2969 31.8
0.75 0.4818 0.3142 348
1.0 0.5240 0.3344 36.2
1.33 0.5720 0.3615 36.8
2.0 0.6462 0.4037 37.5

4.0 0.7698 0.4661 39.5
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the perfect bonding case. When the sliding inclusion or inhomogeneity is of spherical shape,
only finite series are required as shown by Ghahremani[3].

It is discovered that stresses in the sliding spheroidal subdomain are not uniform, unlike
in the perfectly bonded inclusion where Eshelby’s solution holds. The stress concentrations
increase due to sliding (stresses are higher when the inhomogeneity is “soft” and of rod or
cylinder shape).

The effect of interface is more pronounced when the shear modulus of the inhomo-
geneity is high in comparison with the shear modulus of the matrix. The ratio of the shear
moduli and the shape of spheroid are significant factors affecting the stress concentrations,
while the effect of Poisson’s ratio is comparatively small.

The normal stress increases due to the imperfect bond (sliding), which implies higher
tendency for debonding and cracking. The relative tangential displacement (slip) is higher
for “soft” inhomogeneity.

Finally, sliding at the interfaces causes the relaxation of the average elastic moduli of
the composite. This relaxation percentage is higher when the inhomogeneity is “hard” and
the modular ratio has greater effect on the macroscopic properties than the shape.
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